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General HFB theory

Variational method. Product states as test functions
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Product states: BCS type states, Slater determinants as a special case
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General HFB theory, cont.

[W(R), Rl =0
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Skyrme interaction

Momentum space

. 1. B .
K VK'Y = To(1 + x0P,) + 30 K + k') + kK + iWo(o) + 02) - (k X K') + vios

Kernel of an integral operator (f(1,2)|Vslg(1,2))

1
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plus Coulomb for protons
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Gogny interaction

Ve = Zj:1,2 eXP(|"1 - r2|2/aj2)(vvj + BjPa' - IJJPT - ZWjPO'P‘r)"'
+ iWgo(o + 02) - (k X 6(ri—r)k")+

+163(1 + Po)s(r1—r2)p ((r1 +12)/2)

a) = 0.7 fm,

a=02fm, a=1/3
plus Coulomb
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Relativistic Mean Field

One of numerous versions. Dirac equation with the self-consistent potential.

(@ -p+V@E)+BM + SENW;r) = €4(r)

V(r) = g,0°(r) + g,730°(r) + e%AO(r)
S(r) = goo(r)

(=A + m?)or(r) + g0(r) + g30°(r) = —gops(r)
(=A + m’(r) = gupy(r)

(=A +m»)p°(r) = g,p3(r)

—AA°(r) = ep.(r)

(1) = T 0Oy p(r) = X0 W)
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’
Pairing interaction

Constant G (seniority force)
G Y dididd;
¢ interaction:

Voo@r —r'),

Volp(r)or —r'), e.g. Vo(p) = 1 - p(r)/po
Gogny type interaction (only ,,Gaussian” part)

Only p-p and n-n pairing

N
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Applications

Nuclear ground state properties (binding energies, radii, static deformation,
fission barriers), giant resonances, nuclear matter properties

Recent review papers

M. Bender, P-H. Heenen and P.--G. Reinhard, Self-consistent mean-field models
for nuclear structure, Rev.Mod.Phys. 75 (2003) 121.

J.R. Stone and P.-G. Reinhard, The Skyrme interaction in finite nuclei and nuclear
matter, Prog. Part. Nucl. Phys. 58 (2007) 587.

T. Niksic , D. Vretenar and P. Ring, Relativistic nuclear energy density functionals:
Mean-field and beyond, Prog. Part. Nucl. Phys. in press.
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Collective states

Cannot be properly described by single-particle excitations

Mean field is fixed, occupation numbers are changing,
e.g. RPA, giant resonances (not discussed)

Mean field is changing, occupation numbers are fixed,
e.g. change of a nuclear ,,shape”

Main methods: ATDHFB and GCM (plus GOA):
a set of product states parametrized by several (collective) variables

Schroedinger type equation in the collective space
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Adiabatic approximation of the Time Dependent HFB theory
Time dependent HFB

iR = [W(R), R]
Adiabatic approximation

R = exp(iy())Ro() exp(—ix() =Ro+Ri + Ro + ...

(W=(W0+(W1+(W2+...

[Wo,Re] = 0 (of the second order)

iRy = [Wo, Ri1 + [ W), Ro]
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Several collective variables

Collective variables a

R(?) = R(a(t))
zhak?jﬁo = [Wo, R+ [W(R), Rol, k=1,.

(YHmie¥) =

cl + Vcl cl

c = <lP0(a)|Hmicr|T0(a)>

5 2, Bu@aid,
Mass parameters (inertial functions)

Byj(a) = Ter(RJ [ RO Ro])
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Cranking Approximation

Assumption

ﬁCuv = sv(akp)uv(u,uvv + Vuuv) + (6kK),uv(u,uuv

E, +E,

[Wi(R}). Ro]

o Z ]llVf;cpv +ijvﬁ¢FV
By =~ (E,+E,)

= V)

Jepr = (Fola,a,0,¥o), a, — quasiparticle operators
ﬁcyv =

[sv(akho)pv(uyvv + Vyuv) + (akA)yv(uuuv

- Vyvv)]
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:
Requantization

Classical expression Ty + Vi = Hguan

1 o
a =5 ZBkj(ﬂ’)ak%
Laplace-Beltrami operator

h
Tquam =

VdetB(B™!
) \/_det Za ay 0etB )"’a
Volume element Vdet B da;

N



Nuclear mean field theories and collective phenomena
LATDHFB and GCM

Generator Coordinate Method +GOA

Once again the variational principle. Test functions f daf(e)¥(a)
Gaussian Overlap Approximation
(P(a")¥(@)) = exp(- Z gy@)(@ — @)@ —a)/2), a=(@" +a)/2
kyj
Hgewf (@) = Ef(a)

Hcem = Toem + Voem

h@”,a’) = (Y(@")Hmi:| ¥ (@) /(¥ (") ¥ ("))

8i(@) = (0o ¥(@)10, V(@)
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:
= 4/ Bge)?
Toem 5 \/(FZ da, det g ( M)
(Boew)” =

2?’12 —(Rehj, —Rehyp)¥

hll mn = Da;,’,Da;,’h(a”’ @ )|a’*a”*a

hi2gm = Da;,’,Da;,h(a” @)=z
D — covariant derivative
Potential energy

Vaoem = Va(@) + Vzpe(@)
cl(a) = <\Ij(a)|Hmicr|lP(Q’)>

1 .
Vzpe(@) = -7 Z 8/ Botnly — 5 D, 8Duy D V(@)
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LQuadrupoIe excitations

Quadrupole variables

1. Quadrupole mass tensor Q», = (¥| 3, r?Y2,()¥)
2. Nuclear surface r(e) = ro(1 + X, @ Y2,)

3. Ellipsoidal shape (e.g. of a nucleus or one-particle potential) 3, ; wyxex; = 1

(..)

Principal axes system (intrinsic system)
Spherical tensors (a or Q)

R(Q)
{a;z} E— {@0, dl = d_l = 0,&2 = &_2}

Cartesian case (ellipsoid)

R(©)
Zwijkxj =1 — Zﬁ/kxi =1
kj k
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Quadrupole variables, cont.
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Quadrupole variables in the mean field approach
Deformation variables

Beosy = cqo = c(PIQoIW) = (¥ T, B3zF — r)IY)

Bsiny = cqy = c«(WIQal¥) = (PI T, V302 —yDI¥); ¢ = Va/5/Ar
HFB with constraints

(¥ Hmicr = A0Q0 — 420:[¥) =0
(PIQolY) = g0,  (YI10:2I¥) = g2

Mass parameters
By, = 12(S3)S,50)i

2
(uyvy + u,vy,)

|Qilv)VIQ; k)
(Siny)ij = Z %
wy

Moments of inertia

J =i Z KOl vy = wyv,)*

- (E,+E,)
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Kinetic energy in the intrinsic frame

Five variables 3, y, Q.

Mass parameters matrix
By O
B - Vi
(% )

Angular momentum components instead of dg,

nae( o B )
IBBﬁy B Bw

Jo 0 0
Bo=| 0 J, 0
0 0 J

Ji = 4B”By(B,y) sin*(y — 27k/3)
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Quantum Hamiltonian in the intrinsic frame

(General) Bohr Hamiltonian

Honr = Tyip + Tt +V

Tn = ~5—= { 54\/7 Jos - (s \/7 By, Joy |+

1 ro. 1 ro,
+/3 e 87( A/ " sm3yBﬁy)6ﬁ + /—387( A/ " sm37Bﬁﬁ)8y]}
1 3
Tww= 5 D @/ Ty = 4Bu(B.y)B sin’(y - 2nk/3)
k=1

w = ByB,, - B} ; r=B.BB.

Energy levels, B(E2) transition probabilities
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’
Special cases

Simple kinetic energy, By, = B,, = By =

=B, Bﬁ,y =0
Harmonic oscillator, V ~ 52

ground
State-

spherical

E=nhw

deformed

E- 4
Other analytical solutions, dynamical symmetries, critical symmetries,
connections with other models
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First 2* state. Experimental data

€
[

P N
20 W 60 8 0 120 %W 160 180 200 220 240AZ

Figure 1.7. The energy of the first 2* state in even-even nuclei. The nuclei with
closed neutron or proton shells are marked by open circles. (From [NN 65].

%
Z H
g 250 E
/
0

N\,

FIG. A (a) Energies of the first-excited 2* states in even-even nuclel and (b) their corresponding reduced electric quadrupole transition probability
B(E2)1 values. This figure is based on the adopted values of Table 1.
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Examples

1. From well deformed Hf to almost spherical Hg: '"®'50Hf, 1828w, 188-1%20g,
194,196 p; 1982004
78" L oM

2. Molybdenum isotopes, %-""°Mo
3. 240py




Nuclear mean field theories and collective phenomena
- Examples

178Hf — 200Hqg. Potential energy surfaces

1784f, SLy4, sen 184y, SLy4, sen 1900g, SLy4, sen
V[MeV] V[MeV]
6p- 6o+

30 - 30
25 . 25
?g s Y 20
10 > }g
5 3, 5
0 R 0
5 o
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178Hf — 200Hqg. Potential energy surfaces, cont.

196pt, SLy4, sen 200, SLy4, sen

V[MeV]

35
30
25
20
15
10
5

[
-5
-10
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178Hf — 200Hg. Energy levels

— T T T T T T T T T T — T T T T T T T T T T
E[MeV] E[MeV]
a
05 O th R
o
P S S S S T S S R P S S S S T S S R
178 180 182 184 186 188 190 192 194 196 198 200 178 180 182 184 186 188 190 192 194 196 198 200
Hf w Os Pt Hg Hf w Os Pt Hg
T T T T T T T T T
E[MeV]
15 F B
2
10 p& 4
05 Fa th . e 4 05 O th ]
4 exp ® exp
P S S S S T S S R P S S S S T S S R

178 180 182 184 186 188 190 192 194 196 198 200

178 180 182 184 186 188 190 192 194 196 198 200
Hf w 0s Pt Hg

Hf w 0s Pt Hg
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1784t — 200Hg. B(E2) transition probabilities

300
_ e et
5 150 3 200
2 10 2. 150
~ ~ 100
N N
W s W5
Q Q@
178 180 182 184 186 188 190 192 194 196 198 200 178 180 182 184 186 188 190 192 194 196 198 200
Hf w Os Pt Hg Hf w Os Pt Hg
200
. p ) ) . e:p
— % —th — 150 2 2gs. —t
3 2; — Ogs. 3 &
100
2w =
N oN 50
S S
& . @ : . ot
178 180 182 184 186 188 190 192 194 196 198 200 178 180 182 184 186 188 190 192 194 196 198 200
Hf w Os Pt Hg Hf w Os Pt Hg
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84-110Mo isotopes. Energy levels

E[MeV]
25

20

84 86 83 90 92 94 96 98 100 102 104 106 108 110 84 86 88 90 92 94 96 98 100 102 104 106 108 110

N

E[MeV] E[MeV]
25 F

20 F

n
05 F (E SR M

84 86 88 90 92 94 96 98 100 102104 106 108 110 84 86 88 90 92 94 96 98 100 102 104 106 108 110
A A
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1%Mo. Potential energy, mass parameters

Mass parameters Byg, Bg,, By,

X,y,z, potential energy

Parameters By, k

100Mo, SLy4, sen
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1%Mo. Energy levels

100M0
ElMeV] g Th,SLy4 Exp
3 +
9 4 s (4,5)
6 4
ol 4 2
= __6 s
4 0
—2 = 4 2
i —
2 2
1 _0 0
g.s 2, 02 g.s. 2y
band band

02
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100Mo. Collective wave functions

Probability density @ *dt = |Deonl>8*| sin 3yW(8, )

100Mo, SLy4, sen
8-

190Mo, SLy4, sen
6-

o

100Mo, SLy4, sen
2, 8-
.

2

.
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240py. Collective states in the second minimum of the potential

Probability density for the normal and superdeformed ground state
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Fission

WKB , fission paths, lifetimes
Different variables, axial shapes

258
Fm (skm¥)

A.Staszczak, A.Baran, J.Dobaczewski, W.Nazarewicz, Phys.Rev. C 80, 014309 (2009)
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